Autocatalytic reaction fronts generate density gradients that may lead to convection. Fronts propagating in vertical tubes can be flat, axisymmetric, or nonaxisymmetric, depending on the diameter of the tube. In this paper, we study the transitions to convection as well as the stability of different types of fronts. We analyze the stability of the convective reaction fronts using three different models for front propagation. We use a model based on a reaction-diffusion-advection equation coupled to the Navier-Stokes equations to account for fluid flow. A second model replaces the reaction-diffusion equation with a thin front approximation where the front speed depends on the front curvature. We also introduce a new low-dimensional model based on a finite mode truncation. This model allows a complete analysis of all stable and unstable fronts. © 2010 American Institute of Physics. ͓doi:10.1063/1.3467858͔
I. INTRODUCTION
The interaction between fluid motion and reactiondiffusion fronts has led to new types of structures, such as curved fronts, 1 fingering, 2,3 and traveling patterns. 4, 5 In particular, the iodate-arsenous acid reaction has exhibited deformations under Poiseuille flow, 6, 7 symmetric and axisymmetric fronts in vertical tubes, 8 and upward plumes 9 driven by density differences between reacted and unreacted fluids. Recent literature on buoyancy-driven instabilities of fronts has studied autocatalytic fronts in extended Hele-Shaw cells. 10, 11 Previous theoretical studies analyzed the change in curvature and increase of speed observed in experiments in vertical tubes. 12, 13 Linear stability analysis of flat fronts in viscous fluids in unbounded geometries 14 and Hele-Shaw cells 15, 16 showed instabilities for large wavelengths. In bounded geometries, such as vertical cylinders, linear stability shows a transition to convection as the tube diameter widens. 17 Numerical simulations using a two-dimensional reactiondiffusion-convection model showed a transition between nonaxisymmetric fronts and axisymmetric fronts with increasing tube diameter. 18 A thin front approximation in a cylindrical tube provided good agreement with experimental data. Stability analysis of curved, convective fronts required obtaining stable and unstable solutions of partial differential equations. Previous efforts analyzed the stability of curved fronts using a front evolution equation similar to the Kuramoto-Sivashinsky equation coupled to fluid flow. 19, 20 However, these studies aimed to compared autocatalytic fronts in viscous fluids and Hele-Shaw cells, requiring only free boundary conditions. In this geometry, the transition from a nonaxisymmetric front to an axisymmetric front took place when the flow was described by Darcy's law. For viscous fluids under free boundary conditions the transition did not appear, showing always a stable nonaxisymmetric front and an unstable axisymmetric front. This indicates the importance of the role of boundaries for convective autocatalytic fronts. In this paper we introduce viscous boundary conditions to analyze the stability of the convective fronts. We compare three different models for convective front propagation. First, we use finite difference techniques on a reaction-diffusion equation coupled to the Navier-Stokes equations with viscous boundary conditions. This model provides a time evolution of the fronts. Our second model replaces the reaction-diffusion equation with a thin front approximation similar to the Kuramoto-Sivashinsky equation.
Here we obtain stable and unstable fronts with different symmetries. The third model is a low-dimensional model based on a Fourier series expansion of the front evolution equation. This model is simple enough to conduct a bifurcation analysis of its solutions. We compare the results obtained with different approximations. We analyze the stability with respect to small perturbations for each type of solution: flat, axisymmetric, and nonaxisymmetric.
II. EQUATIONS OF MOTION
We study three different models for the propagation of chemical fronts with fluid motion. One based on a reactiondiffusion equation, another based on a front propagation equation, and finally a low-dimensional model. The fluid motion is governed by the Navier-Stokes equations supplemented with viscous boundary conditions at the walls, 21 
‫ץ‬V
Here V ជ is the fluid velocity, P is the pressure, is the mass density of the fluid, 0 is the mass density of the unreacted fluid, is the kinematic viscosity, g is the magnitude of the gravitational acceleration, and ẑ is a unit vector in the opposite direction of the gravity field. We have applied the Boussinesq approximation where the density changes affect only the gravity term. The continuity equation in this approximation requires
The reaction-diffusion-advection equation describing the evolution of the two-dimensional local concentration a͑x , z , t͒ combines molecular diffusion in a moving fluid with a cubic autocatalytic reaction,
Here a 0 corresponds to the unreacted fluid concentration, and k c is a reaction rate constant. This model without fluid motion ͑V ជ =0͒ describes the front propagation in the iodatearsenous acid reactions using parameters based on the experimental conditions. 22 Since the continuity equation is satisfied, for our two-dimensional model we define a stream function such that V x = ‫ץ‬ / ‫ץ‬z and V z ‫ץ−=‬ / ‫ץ‬x = V z . Therefore, the Navier-Stokes equation can be written using the vorticity and the stream function,
Here the vorticity is defined as
For two functions f 1 and f 2 we define
For thin fronts we can replace the reaction-diffusionadvection relation ͓Eq. ͑1͔͒ by an eikonal relation between the normal front velocity and the curvature of the front.
14 For small curvatures, the equation corresponds 12 to
Here z = H͑x , t͒ provides the position of the front as a function of the horizontal coordinate x. The vertical component of the fluid velocity V z ͉ H is evaluated at the front. Here ␦ corresponds to the fractional density difference between the unreacted and reacted fluids. The dimensionless Schmidt number is defined as
With these definitions, the equations of motion are set as
The front evolution equation ͓Eq. ͑7͔͒ remains the same, as long as the flat front velocity v 0 is replaced with its dimensionless value ͓1 / ͱ ͑2͒ for cubic fronts͔, and the diffusion coefficient set to the dimensionless value of 1. We assumed that the density varies linearly with the concentration c. For fronts in the iodate-arsenous acid reaction, the Schmidt number is large; therefore, we modify Eq. ͑11͒ to include the limit for infinite Schmidt number,
The front evolution equation separates two fluids of different densities; therefore, this equation is transformed into
͑13͒
Since the front evolution equation is derived for small curvatures, we keep only first order terms of H; consequently, we evaluate the Dirac delta function at z = 0, instead of z = H͑x͒. We replace the delta function by the equation
with jump conditions across the front ͓͔ = ‫ץ͓‬ z ͔ = ‫ץ͓‬ z 2 ͔ =0, and ‫ץ͓‬ z 3 ͔ =Ra ‫ץ‬ H / ‫ץ‬x. The jump conditions indicated by the brackets correspond to the value of just above the front in the unreacted fluid minus the value of just below the front in the reacted fluid. Here the front propagates upward in a two-dimensional tube bounded by walls at x = 0 and x = L.
We derive a low-dimensional model by expanding the front height H͑x , t͒ as a Fourier series, truncating it after a few terms of the expansion,
with q = / L and zero normal derivatives at the walls, which is a consequence of the no-chemical-flow boundary condition ͑‫ץ‬c / ‫ץ‬x = 0 at the vertical walls͒. Viscous boundary conditions for the fluid require that the stream function and its derivative vanish at the wall; therefore, the expansion is carried out in terms of the eigenfunction of the
where the functions C i and S i are the corresponding eigenfunctions defined in Chandrasekhar. 24 Substituting into Eq. ͑15͒, and projecting the resulting series over the eigenfunctions C i and S i , we obtain a set of homogeneous ordinary differential equations in the expansion coefficients i c and i s . This set of equations decouples odd and even functions, but it is in general nonseparable, so it has to be solved simultaneously for all variables. The procedure is similar to the one described in Ref. 25 , which provided quick convergence for the linear stability analysis of the flat front state. Following this approach, we look for solutions of the type i c,s = F i c,s e ikz , leading to a linear system in the coefficients F c,s . Requiring nontrivial solutions, we obtain the corresponding values of k. A superposition of the eigenvectors results in a general solution of the homogeneous equation. We require that the solutions above the front vanish at infinity, thus restricting the values of k to those that have negative real part above the front, and positive real part below it. The coefficients of the eigenvalue expansions can be obtained from the matching conditions at the front. In this manner, a solution of the stream function ͑x , t͒ can be obtained from the value of the front height H͑x , t͒. Using a four term truncation for the stream function and the front height we arrive to the following system of ordinary differential equations:
The values for the parameters f ij are given in Table I .
III. NUMERICAL METHODS
The reaction-diffusion-advection equations are solved numerically over a rectangular mesh. The two-dimensional domain corresponds to a dimensionless width of 20, which approximates experimental conditions in the iodate-arsenous acid reaction, as discussed in Ref. 21 . Our grid has 41ϫ 200 points inside the domain, with a spatial spacing equal to ⌬x = 0.5. The corresponding Laplacian operators are discretized using five points on the grid. We solve the discretized Poisson equations using the GENBUN subroutine from the FISHPACK package. 26 We use viscous boundary conditions ͑all components of the fluid velocity vanish͒ at the walls, plus free boundary conditions at the top and bottom of the domain. The discretized viscous boundary conditions for the stream function and vorticity at the left walls correspond to 1,j = 0 and 1,j =2 2,j / ͑⌬x͒ 2 , with similar relations at the right wall. Since these conditions require prior knowledge of to solve for , we satisfy them using iterative relaxation techniques. The time evolution of the discretized system is solved using a simple Euler method.
We apply finite differences to solve the front propagation equation. In this case the front height H͑x , t͒ is discretized along the horizontal grid, instead of the chemical concentration in two dimensions. We implement the jump conditions at z = 0 requiring that the discretized Laplacian of the vorticity at this level be equal to ͑Ra/ ⌬x͒dH / dx. For other values of z the Laplacian is set to zero. The system of equations is solved at every time step using a relaxation technique.
The low-dimensional model is simple enough to search for stationary states using the mathematical software package MAPLE. In this manner we not only obtain the stationary states, but we also carried out a linear stability of the solutions. The system is linearized around a stationary state using the first derivative matrix for the equations, Eqs. ͑17͒-͑21͒. The real part of the eigenvalues of this matrix determines the stability of the stationary solutions. 
IV. RESULTS

A. Reaction-diffusion-advection model
The reaction-diffusion-advection equations lead to nonaxisymmetric and axisymmetric fronts depending on the value of the Rayleigh number. The front is started using reacted fluid ͑c =0͒ for the bottom half of the tube, and unreacted fluid ͑c =1͒ for the upper half, the sharp interface is blurred with small random perturbations. Most of the reaction takes place near the interface, with fluid velocities zero away from the top and bottom boundaries. We keep the front near the center of the tube by shifting the front downward after it propagates a small distance, the top of the tube is then filled with motionless unreacted fluid. In this manner the front can propagate for an indefinite amount of time. Our results are summarized in Fig. 1 where we displayed the front speed as a function of the Rayleigh number. We notice that for Rayleigh numbers below 0.046 the front is flat, without fluid motion. For Rayleigh numbers above 0.05 we observe a nonaxisymmetric front involving a single convective roll in the stream function ͑Fig. 2͒. The front propagates upward with the same shape and with higher constant speed than the flat front. As the Rayleigh number increases, the front slows down, its speed reaches a maximum, later it decreases before it starts to increase again ͑Fig. 1͒. The front begins to increase its speed again as it makes a transition to a purely axisymmetric state. For values of the Rayleigh number above 0.63 the front is purely axisymmetric with a maximum at the center of the tube. The fluid velocity represented by the stream function consists of two identical convective rolls ͑Fig. 3͒. Wu et al. 18 carried out a similar calculation in a reaction-diffusion-convection system expanding the stream function in terms of the functions C i and S i mentioned above, limiting the expansion to four terms. Our approach is based on a finite difference method with 41 mesh points in the horizontal direction. Both calculations show the transition from nonaxisymmetric to axisymmetric fronts. However, the finite difference calculation shows a maximum speed for the nonaxisymmetric front around Ra= 0.55, which is not shown by previous calculations. We also found that nonaxisymmetric states always involve an axisymmetric component; therefore, imposing an antisymmetric state in the truncations will only capture a portion of the full solution. Such antisymmetric components were previously calculated but they do not appear in our finite difference calculations. 18 
B. Low-dimensional model
We obtain steady state solutions for the low-dimensional model ͓Eqs. ͑17͒-͑21͔͒ for different values of the Rayleigh number. The time derivatives vanish at the steady state, leading to a set of nonlinear equations on the variables H i for i = 1, 2, 3, and 4. Nevertheless, the time derivative dH 0 / dt will not vanish, because it depends completely on the other variables H i . Since H 0 provides the average position of the front, its constant time derivative is the front speed at this steady state. We find a total of five distinct branches of steady state solutions as a function of the Rayleigh number. One of the branches corresponds to the flat front solution ͑H 1 = H 2 = H 3 = H 4 =0͒, moving with constant velocity v 0 . We display in Fig. 4 the increase of speed of three branches of steady states relative to the flat front speed ͑v 0 ͒. After solving the equations, we carry out a linear stability analysis obtaining the eigenvalues of the linearized system. At Ra= 0.046 a nonaxisymmetric solution appears which increases the front speed monotonically as Ra increases. The stability analysis shows that this branch is stable for the values under consideration. At Ra= 0.118 a second and third branch appear. They both correspond to axisymmetric solutions, and they both show an increase of speed with the Rayleigh number. One branch always exhibits a higher front speed. Linear stability analysis shows that the axisymmetric branch with higher front speed is always unstable ͑Fig. 5͒. The second axisymmetric branch changes stability from unstable to stable solution at Ra= 0.127. Therefore, we have a region of bistability between nonaxisymmetric and axisymmetric solutions. We also found two other branches that are not displayed in Fig. 4 . These two branches represent an increase of speed below 0.14, much smaller than the ones discussed. The linear stability analysis shows that they are unstable.
In Fig. 5 we display the real part of the eigenvalue with the largest real part, since this is the one that determines the stability of the solution. For small Rayleigh numbers, the only solution is the flat front solution. Figure 5 indicates that this state is stable for RaϽ 0.048, since the corresponding curve is negative on that interval. Similarly, the nonaxisymmetric solution that appears at Ra= 0.046 is stable. For RaϾ 0.118 two additional axisymmetric solutions exist, one always unstable, and another that becomes stable for RaϾ 0.127. The abrupt changes in the slopes can be explained as follows. The linear stability analysis of a solution involves four eigenvalues. For each solution branch shown in Fig. 4 and for the flat front solution, we obtain four sequences of eigenvalues as the Rayleigh number increases. The sharp changes in slope occur when we have to switch between these sequences to select the eigenvalue with largest real part, or when the real eigenvalues become complex.
This model also exhibits a small region of bistability between the homogeneous steady state and the nonaxisymmetric state. These results are shown in Fig. 6 where we display the front speed as a function of Rayleigh number in this region. Between Ra= 0.046 and Ra= 0.048 there are two nonaxisymmetric solutions that coexist with the trivial state. Above Ra= 0.048 the flat convectionless front loses stability to small perturbations. These perturbations would make the initial flat front evolve into the stable nonaxisymmetric state. The nonaxisymmetric solution with higher speed and the trivial solution are always stable. In Fig. 7 we display the real part of the eigenvalues for these three branches, showing a very small region of bistability.
C. Front propagation model
The front propagation equation exhibits solutions corresponding to fronts of constant shape moving with constant velocity. The solutions are obtained by choosing small ran- This value for the Rayleigh number is the same value for which the low-dimensional model allows a nonaxisymmetric solution. We display the speed of this nonaxisymmetric front in Fig. 8 . Contrary to the reaction-diffusion equation, the front does not become axisymmetric as the Rayleigh number is increased. We also examine the possibility of a stable axisymmetric state that can coexist with the nonaxisymmetric state as in the case of the low-dimensional model. To this end, we force the axial symmetry upon the front by using only the right half of the finite difference domain. Here we require boundary conditions at the center of the tube equal to zero for the horizontal fluid velocity and zero horizontal derivative for the front height H. We thus obtain an axisymmetric solution by extending to the full domain using the corresponding symmetry. In Fig. 8 we notice that the axisymmetric solution appears for Rayleigh number RaϾ 0.2. We carry out a linear stability analysis of the three steady state solutions found with the eikonal relation. First, we linearize the eikonal relation around the computed value. We then let the linear system evolve for a short time. The norm of the solution is calculated, the solution is renormalized to a convenient value. In this manner the solution moves toward the eigenvector that corresponds to the eigenvalue with the largest real part. In case the imaginary part is zero, the evolution converges to a single point. The eigenvalue can be obtained from the renormalization products. If the imaginary part is nonzero, the eigenvector oscillates with time. In this case the real part of the eigenvalue is obtained from the time evolution of a point close to the nonlinear solution. In Fig. 9 we display the real part of the eigenvalue with the largest real part for the trivial, axisymmetric, and nonaxisymmetric solutions for the front evolution equation. For the trivial solution, the largest real part of the eigenvalue changes sign ͑from negative to positive͒ for RaϾ 0.045, indicating a transition to unstable flat fronts. At this point the real part of the eigenvalue with the largest real part for the nonaxisymmetric solution becomes negative, indicating stability. This behavior was expected from the evolution of the nonlinear equations. Near the transition, this eigenvalue is real, but for larger values of the Rayleigh number, an imaginary part appears. This is reflected in the slope discontinuities shown in Fig. 9 . The linear stability analysis also shows that the axisymmetric solution is unstable for all Rayleigh numbers considered.
V. CONCLUSIONS
Introducing the correct boundary conditions at the walls leads to solving for the transition from flat fronts, to nonaxisymmetric fronts, and then to axisymmetric fronts in the reaction-diffusion-advection model. We also observed that the nonaxisymmetric front speed reached a maximum before the transition to axisymmetric fronts. Finding other solutions ͑such as unstable solutions͒ in this model is difficult. This can be achieved using a low-dimensional model derived from a front evolution equation. This model allows an exhaustive search for all possible solutions. The model provides a good approximation for the transition to stable nonaxisymmetric fronts, and the existence of axisymmetric fronts. Nevertheless, it provides a region of bistability between these two types of fronts that was not observed in the reaction-diffusion-advection model. The front evolution model showed a stable nonaxisymmetric solution at the same Rayleigh number where the convectionless flat front looses stability. The axisymmetric solutions for this model were unstable. Although stable axisymmetric fronts were found in cylindrical geometries, 13 a better agreement between the reaction-diffusion-advection models and the front evolution model may require including a full expression for the front curvature. Low-dimensional models allowed a complete analysis of all possible solutions.
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